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Abstract. The purpose of this work is to introduce pseudo-convex functions and
to describe some of their properties and applications. The class of all pseudo-convex
functions over a convex set, C includes the class of all differentiable convex functions
on C and is included in the class of all differentiable quasi-convex functions on C.
An interesting property of pseudo-convex functions is that a local condition, such as
the vanishing of the gradient, is a global optimality condition. One of the main
results of this work consists of showing that the Kuhn-Tucker differential conditions
are sufficient for optimality when the objective function is pseudo-convex and the
constraints are quasi-convex. Other results of this work are a strict converse duality
theorem for mathematical programming and a stability criterion for ordinary dif-
ferential equations.

1. Introduction. Throughout this work, we shall be concerned with the
real, scalar, single-valued, differentiable function 6(x) defined on the non-
empty open set D in the m-dimensional Euclidean space E™. We let C be a
subset of D and let V, denote the m X 1 partial differential operator

v, = |2 ... ;"_]'
* F R Y 0
where the prime denotes the transpose. We say that 6(x) is pseudo-convex
on C if for every «' and 2” in C,

(1.1) (@ — 2)'V.0(z') = 0 implies 6(z*) = 0(a').
We say that 0(z) is pseudo-concave on C if for every z' and a* in C,
(1.2) (@ — 2)'V.0(z') <0 implies 6(z%) < 0(<").

Thus 6(x) is pseudo-concave if and only if —6@(x) is pseudo-convex. In
the subsequent paragraphs we shall confine our remarks to pseudo-convex
functions. Analogous results hold for pseudo-concave functions by the
appropriate multiplication by —1.

We shall relate the pseudo-convexity concept to the previously estab-
lished notions of convexity, quasi-convexity [1], [2] and strict quasi-con-
vexity [3], [5].

The function 8(x) is said to be convex on C, [2], if C is convex and if for
every z' and *in C,

(1.3) o(Nz" 4+ (1 — AN)ab) = M) + (1 — N)oab)
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for every A such that 0 = N\ < 1. Equivalently, 6(z) is convex on C if
(1.4) 0(z) — 0(z") = (a° — z")'V.0(z")

for every z' and 2” in C.
The function 6(x) is said to be quasi-convex on C, [1], [2], if C is convex
and if for every ' and &* in C,

(1.5) 62" = 6(z") implies IO’ + (1 — N)2%) = 0(zh)

for every A such that 0 = A = 1. Equivalently, 8(z) is quasi-convex on
Cif

(1.6) 0(’) < 60(z") implies (2 —2')'V.0(z') £0

The function 6(z) is said to be stricily quasi-convex on C, (3], [5], if C is
convex and if for every z' and 2” in C, «* # &,

(1.7) 6(z") < 6(z")  impliess 0" + (1 — N)ab) < 6(z)

for every A such that 0 < N < 1. It has been shown [5] that every lower
semicontinuous strictly quasi-convex function is quasi-convex but not
conversely.

In the next section we shall give some properties of pseudo-convex func-
tions and show how these properties can be used to generalize some previous
results of mathematical programming, duality theory and stability theory
of ordinary differential equations. Theorem 1 generalizes the Arrow-
Enthoven version 1, Theorem 1] of the Kuhn-Tucker differential sufficient
optimality conditions for a mathematical programming problem. Theorem
2 gives a generalization of Huard’s converse duality theorem of mathe-
matical programming [4, Theorem 2] and Theorem 3 generalizes a sta-
bility criterion for equilibrium points of nonlinear ordinary differential
equations [8, Theorem 1].

2. Properties of pseudo-convex functions and applications. In this sec-
tion we shall give some properties of pseudo-convex functions and some
extensions of the results of mathematical programming and ordinary dif-
ferential equations.

ProperTY 0. Let 8(x) be pseudo-convex: on C. If V.0(z") = 0, then 2° is a
global minimum over C.

Proof. For any z in C,

(z — 2°)'v.0(z°) =0,
and hence by (1.1),
6(z) z 6(2"),
which establishes the property.
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ProrertY 1. Let C be convex. If 0(x) is convex on C, then 6(x) is pseudo-
convex in C, but not conversely.
Proof. If 6(z) is convex on C, then by (1.4),

@ — 2')'v.h(') =0 implies 0(z") = ("),

which is precisely (1.1). That the converse is not necessarily true can be
seen from the example

6() = o + o, v € B,

which is pseudo-convex on £ but not convex.
ProrerTY 2. Let C be convex. If 8(x) is pseudo-convex on C, then 0(x) is
strictly quasi-convex (and hence quasi-convex) on C, but not conversely.
Proof. Let 6(x) be pseudo-convex on C. We shall assume that 6(z) is not
strictly quasi-convex on C and show that this leads to a contradiction. If
6(x) is not strictly quasi-convex on C, then it follows from (1.7) that there
exist ' # a” in C such that

(2.1) 0(2") < 6(z"),

and

(2.2) 0(z) = 0("),

for some x € L, where

(2.3) L={zx|lz=x"+(1-220<x<1}.

Hence there exists an Z € L such that

(24) 6(Z) = max 0(x),

where o

(2.5) L=LU{', 2.

Now define

(2.6) FON) = 60((1 — Na' + ), 021
Hence

(2.7) 0(z) = f(X),

where

(2.8) = (1 —Xa" + x’, 0<X<I1.

1To see that « + 23 is pseudo-convex, note that v.0(x) = 1 + 322 > 0. Hence
(z — 29)'V,0(z°) = 0 implies that x = z° and 23 = (z°)3, and thus

0(z) — 0(z%) = (z + %) — (2°+ (z%%) = 0.
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We have from (2.4) through (2.7) that f(\) achieves its maximum at X.
Hence it follows by the differentiability of 6(x) and the chain rule that

(2.9) (2 — )V, 8(3) = ‘%\Xl -

Since
(210) ¥ —ZF=2"—(1—=X)2' — X’ = (1 — X)) — oY),
it follows from (2.9) and (2.10) and the fact that X < 1, that

(2.11) (¥ — £)'V.0(z) = 0.
But by the pseudo-convexity of 8(x), (2.11) implies that
(2.12) 0(z") = 6(Z).

Hence from (2.1) and (2.12),
8(z") > 0(z),

which contradicts (2.4). Hence 8(x) must be strictly quasi-convex on C.
That the converse is not necessarily true can be seen from the example

0(x) = xg, T € El,

which is strictly quasi-convex on E', but not pseudo-convex.

PropreRTY 3. Let C be convex. If 6(x) s pseudo-convex on C, then every
local minimum’ is a global minimum.

Proof. By Property 2, 6(x) is strictly quasi-convex on C. Now if £ is a
local minimum, then

(2.13) 6(z) < 0(z) for every 2z € N(&) N C,

where N (&) is some neighborhood of &. Let « be any point in C, but not in
N(z) N C. Then there exists a X, 0 < X < 1, such that

= (1 —-X)Z+Xx) € Nz) NC.
Now if 8(z) < 0(&), then by the strict quasi-convexity of 6(x),
0(z) > 0(%),

which contradicts (2.13). Hence 8(x) = 6(Z), which proves Property 3.

TuroreMm 1. Let 0(x), gi(x), -+, gu(x) be differentiable functions on
E™. Let C be a convex set in E™ and 0(z) be pseudo-convex on C and g1(x),
oo, ga(z) e quasi-convex on C. If there exist an &° € C and y° € E" satisfy-

2 A local minimum is an & € C such that §(z) < 0(z) for allz € N&) [ C, where
N (&) is some neighborhood of Z.
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ing the Kuhn-Tucker differential conditions [7], namely,

(2.14) V.0(2") + V. yig:(a") =0,
=1
(2.15) 2 yigia’) =0,
=1
(2.16) gi(z") = 0, i=1,--+,n,
(2.17) y’ z 0, i=1,-,n,
then
(2.18) 0(z") = min {8(2)| ge(x) £ 0,4 =1,---,n}.
ze C

Proof. The proof is similar to part of the proof of [1, Theorem 1]. Let
I = {i]g(2") < 0}.
Hence g;(z") = 0 for ¢ ¢ I. From (2.15), (2.16) and (2.17) it follows that
(2.19) y! =0 for i€l

Let
R={z|g(z) £0,2=1,2,---,n,2 € C}.

Then g(z) = g¢i(z°) for ¢ ¢ I, € R. Hence by the quasi-convexity of
the ¢g.’s on R it follows from (1.6) that

(2.20) (x —2")'Vugi(z®) =0 for ¢ I,z2€R.

Hence by (2.20) and (2.17) we have that

(2.21) (z — 2°)' Voo, ylgi(a) <0 for z € R,
i¢7

and from (2.19) we have

(2.22) (& — 2°)' Vo, ylgi(2’) = 0 for x € R.
194

Hence (2.21) and (2.22) imply

(z — ") V.2 ylgi(a”) 20 for z € R,

=1

which in turn implies, by (2.14), that

(2.23) (z —2°)'v.8(2’) =0 for z€R.

But by the pseudo-convexity of 8(x) on R, (2.23) implies that
0(z) = 6(2°) for x € R.
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For the case when the set I is empty, the above proof is modified by
deleting (2.19), (2.22) and references thereto. For the case when I
= {1, 2, ---, n} the above proof is modified by deleting that part of the
proof between (2.19) and (2.22) and references thereto.

It should be noted here that the above theorem is indeed a generalization
of Arrow and Enthoven’s result [1, Theorem 1]. Every case covered there
is covered by the above theorem, but not conversely. An example of a case
not covered by Arrow and Enthoven is the following one:

min {—e™ | —z < 0}.
zcEl

Another application of pseudo-convex functions may be found in duality
theory. Consider the primal problem

(PP) min {6(z)| g() = 0},
TCE™

where 6(z) is a scalar function on E™ and g(z) is an n X 1 vector function
on E™. For the above problem Wolfe [10] has defined the dual problem as
(DP) max {y(z, y)| Vab(z,y) = 0,y = 0},

TECEMyc BN
where
Y(x,y) = 0(z) + y'g(x).

Under appropriate conditions Wolfe has shown [10, Theorem 2] that if
2" solves (PP), then 2’ and some 3° solve (DP). Conversely, under some-
what stronger conditions, Huard [4, Theorem 2] showed that if (z°, 3")
solves (DP), then 2° solves (PP). Both Wolfe and Huard required, among
other things, that 8(x) and the components of g(x) be convex. We will now
show that Huard’s theorem can be extended to the case where 8(x) is
pseudo-convex and the components of g(x) are quasi-convex, and that
Wolfe’s theorem is not amenable to such an extension.

THEOREM 2. (Strict converse duality theorem)®. Let 0(x) be a pseudo-convex
Sfunction on E™ and let the componenis of g(x) be differentiable quasi-convex
functions on E™.

(a) If (2°, 4°) solves (DP) and ¢ (x, y°) is twice continuously differentiable
with respect to © in a neighborhood of «°, and if the Hessian of ¥(x, y°) with
respect to x is nonzero at &°, then 2° solves PP.

(b) Let z° solve (PP) and let g(x) = 0 satisfy the Kuhn-Tucker constraint
qualification [7). It does not necessarily follow that 2° and some 1’ solve (DP).

Proof. (a) The assumption that the Hessian of ¥(z, 3°) with respect to
 is nonzero at 2° insures the validity of the following Kuhn-Tucker neces-

8 For the difference between ‘‘duality’” and ‘‘strict duality,” the reader is re-
ferred to [9].
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sary conditions for some »” ¢ E™:
V(' y’) + V" v (a’, o) = 0,
V(' o) + V" V(2 ') =0,
V'V, o) + Vv’ ') =0,
v 20,

v:t'p(xo, yo) = 0.

The first and last equations above, together with the assumption that the
Hessian of ¢(z, ") is nonzero at z°, imply that »° = 0. Hence the above
necessary conditions become:

V(' y")

v (', y')

¥V, y") = y"g(a") =0,
¥ =z 0.

0,
g(a) =0,

I

But from Theorem 1, with ¢ = E™, these conditions are sufficient for
2° to be a solution of (PP).

(b) This part of the theorem will be established by means of the follow-
ing counter-example:

(PP1) min{—e™ | —z + 1 < 0},
zc Bl
(DP1) max {—¢” —yr +y|2e” —y=0,y2 0}.
z€ElycE!

The solution of (PP1) is obviously 2° = 1, whereas (DP1) has no maximum
solution but has a zero supremum.

Finally, we give an application of pseudo-concavity outside the realm of
of mathematical programming. In particular, we extend a stability criterion
for equilibrium points of ordinary differential equations [8, Theorem 1].

Turorem 3. (Stability criterion). Let

& = f(¢, x)

be a system of ordinary differential equations, where x and f are m-dimensional
vectors and 0 = ¢t < oo, Let f(t, x) be continuous in the (x, t) space and let
F(t,0) = 0for0 <t < oo, so that x = 0 1s an equilibrium point. If x'f(t, x)
s a pseudo-concave function of x on E™ for 0 = t < oo, then x = 0 is a
stable equilibrium point.
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Proof. Consider the Lyapunov function
Vi, t) = 'z,
which is obviously positive definite. It follows that for 0 < ¢ < oo,
V =2a's =a'f(t,z) 0,

where the last inequality follows from the pseudo-concavity of 'f(¢, z) in
z and the fact that f(¢, 0) = 0. Hence by Lyapunov’s stability thecorem
[6], z = 0 is a stable equilibrium point.

It should be noted that the above proof would not go through had we
merely required that «’f(¢, ) be quasi-concave instead of pseudo-concave.

3. Remarks on pseudo-convex functions. Properties 1 and 2 and the
fact that every differentiable strictly quasi-convex function is also quasi-
convex [5] establish a hierarchy among differentiable functions that is de-
picted in Iig. 1. In other words, if we let S;, S;, S;, and S, represent the
sets of all differentiable functions defined on a convex set C in E™ that are,
respectively, convex, pseudo-convex, strictly quasi-convex, and quasi-
convex, then

SScScSacs,.

Functions belonging to S;, S., or S; share the property that a local mini-
mun is a global minimum. Functions belonging to S; do not necessarily
have this property. The IKKuhn-Tucker differential conditions are sufficient
for optimality, (see (2.18)), provided that g,(x), 7 = 1, -- -, n belong to
Ss and 6(x) belongs to S; or Sy, but not if 6(x) belongs to S; or Sy. It
seems that the pseudo-convexity of 8(x) and the quasi-convexity of g;(x)
arc the weakest conditions that can be imposed so that relations (2.14) to
(2.17) are sufficient for optimality.

There does not seem to be a simple extension of the concept of pseudo-
convexity to nondifferentiable functions. This may be due to the fact that
pseudo-convexity eliminates inflection points, and such points are easily
described by derivatives, but not otherwise.

Finally, it should be remarked that the convexity of the set C is inherent
in the definition of quasi-convexity. In contrast, the convexity of C is not
needed in the definition of pseudo-convexity. Thus, without the convexity
of C, we may have a pseudo-convex function that is not quasi-convex. For
example, over the nonconvex set

C ={x|z€E,x =0,

0(z) = x for =z <0,
x4+ 1 for x>0,

the function

is pseudo-convex but obviously not quasi-convex, since C is nonconvex.
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